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VVBP-Tensor in the FBP Algorithm: Its
Properties and Application in Low-Dose
CT Reconstruction

Xi Tao, Hua Zhang, Yongbo Wang, Gang Yan, Dong Zeng, Wufan Chen, and Jianhua Ma

Abstract For decades, commercial X-ray computed
tomography (CT) scanners have been using the Itered
backprojection (FBP) algorithm for image reconstruction.
However, the desire for lower radiation doses has pushed
the FBP algorithm to its limit. Previous studies have made
signi cant efforts to improve the results of FBP through
preprocessing the sinogram, modifying the ramp Iter,
or postprocessing the reconstructed images. In this paper,
we focus on analyzing and processing the stacked view-
by-view backprojections (named VVBP-Tensor) in the FBP
algorithm. A key challenge for our analysis lies in the
radial structures in each backprojection slice. To over-
come this dif culty, a sorting operation was introduced
to the VVBP-Tensor in its z direction (the direction of
the projection views). The results show that, after sorting,
the tensor contains structures that are similar to those
of the object, and structures in different slices of the
tensor are correlated. We then analyzed the properties of
the VVBP-Tensor, including structural self-similarity, tensor
sparsity, and noise statistics. Considering these properties,
we have developed an algorithm using the tensor singular
value decomposition (named VVBP-tSVD) to denoise the
VVBP-Tensor for low-mAs CT imaging. Experiments were
conducted using a physical phantom and clinical patient
data with different mAs levels. The results demonstrate
that the VVBP-tSVD is superior to all competing methods
under different reconstruction schemes, including sino-
gram preprocessing, image postprocessing, and iterative
reconstruction. We conclude that the VVBP-Tensor is a
suitable processing target for improving the quality of FBP
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reconstruction, and the proposed VVBP-tSVD is an effective
algorithm for noise reduction in low-mAs CT imaging. This
preliminary work might provide a heuristic perspective for
reviewing and rethinking the FBP algorithm.

Index Terms Computed tomography, low-dose CT,
Itered backprojection, tensor analysis, sorting.

|. INTRODUCTION

-RAY computed tomography (CT) has been widely
used for various clinical applications, such as screening,
diagnosis, and image-guided interventions [1]. In clinical
settings, one of the most important features of CT is its
rapid and accurate anatomical imaging ability compared
to other modalities. To ensure this performance, many
advanced technologies have been proposed. One typical
example is image reconstruction, which usually uses the
Itered backprojection (FBP) algorithm because of its fast
reconstruction speed and easy applicability [2]. However,
in low-dose CT (LdCT) imaging, without proper treatment,
the FBP reconstructed image will suffer from severe noise-
induced artifacts [3]. The main reason for this is that FBP is
an analytical approximation of the inverse Radon transform,
which would fail when the raw data suffer from noise, missing
data, or the involvement of high-attenuation materials [4].

Generally, the implementation of FBP can be divided into
three steps: ltering, view-by-view backprojection (VVBP),
and summing, as shown in Figs. 1(a)-(c). In the rst step,
the ramp Iter is usually adopted to remove blurring from pure
backprojection [5]. In the second step, each view of the Itered
sinogram is backprojected into the image domain through
interpolation. In the third step, backprojections of all views
are summed along the z direction to obtain the image. Under
the FBP framework, many studies have reported on devel-
oping advanced FBP-based algorithms, including sinogram
preprocessing [6]-[9], Iter modi cation [10]-[13], and image
postprocessing [14]-[18]. In these studies, backprojections of
each view were directly summed to obtain the reconstructed
image. The view-by-view backprojection data are seldom
discussed, however. In our study, we focus on analyzing and
processing the VVBP data in the FBP algorithm.

Fig. 1(c) shows that the VVBP data can be stacked as an
3-order tensor, which is named VVBP-Tensor for simplicity.
On the other hand, slices of the VVBP-Tensor shown in
Fig. 1(b) contain radial-like structures, making the subsequent
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Fig. 1. Pipeline of VVBP-Tensor analysis. The conventional FBP algorithm can be technically decomposed into three steps: (a) Itering, (b) view-
by-view backprojection (VVBP), and (c) summing along the z direction (view direction). The data following VVBP can be treated as an 3-order tensor

(VVBP-Tensor). The size of the phantom tensor is 512 512

1160; (d) To facilitate analysis, the VVBP-Tensor is sorted in its z direction, where

each mode-3 vector is independently sorted according to its pixel values; (e) Structures of the phantom are laid out in the tensor by sorting. Mode-3
vectors of the tensor are disordered before sorting and become regular after sorting, and neighbor vectors express similar trends.

analysis challenging. To address this problem, we introduce
sorting as an auxiliary operation to the VVBP-Tensor in
its z direction. Note that the z direction of the VVBP-
Tensor is also the direction of the projection views. As shown
in Fig. 1(d), each mode-3 vector of the VVBP-Tensor is
independently sorted according to its pixel values. We found
that, after sorting, the VVVBP-Tensor contains structures similar
to the object, and structures in different slices are correlated,
as shown in Fig. 1(e). To the best of our knowledge, this work
is the rst study to analyze and utilize the VVVBP-Tensor in
the FBP algorithm. Speci cally, the contributions of this work
are summarized as follows:

(1) We analyzed the properties of VVBP-Tensor, including
structural self-similarity, tensor sparsity, and noise sta-
tistics. These properties motivated us to develop new
algorithms to process the VVBP-Tensor for producing
high-quality FBP reconstructions.

To exploit its potential in low-mAs CT imaging, we
propose an algorithm named VVBP-tSVD to denoise the
VVBP-Tensor, which fully considers its intrinsic proper-
ties by combining three strategies: tensor singular value
decomposition (tSVD) [19], full-band-patch based block
matching (FPBM) [20] and penalized weighted least-
square (PWLS) model [7].

Extensive experiments on physical phantom and clinical
patient data were carried out for different mAs levels.
Different strategies, including sinogram preprocessing,

)

@3

~

image postprocessing, and iterative reconstruction, were
incorporated for comparison. The results demonstrate
the superiority of the VVBP-tSVD algorithm against
competing methods.

This paper is organized as follows. Section Il reviews
some FBP-related methods for CT reconstruction. Section 111
presents the notations and preliminaries for tensor analysis.
Section 1V shows details on VVBP-Tensor analysis. Section V
presents the proposed VVBP-tSVD algorithm. Section VI
shows the experimental settings and results. Finally, discus-
sions and conclusions are given in Section VII.

Il. FBP-RELATED WORKS

In this section, we review some FBP-related works regard-
ing CT reconstruction, especially LACT reconstruction, which
can be roughly divided into three categories: sinogram
preprocessing, lter modi cation, and image postprocessing.

A. Sinogram Preprocessing

Sinogram preprocessing aims to denoise the sinogram
using a speci cally designed algorithm. For example,
La Riviere et al. [6] proposed a shifted Poisson model
to describe noise in projection data and a Gaussian
model to penalize it in the pre-log domain, forming
the so-called penalized-likelihood (PL) sinogram restoration
method. Wang et al. [7] described the penalized weighted
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Fig. 2.

least-square (PWLS) criteria for recovering the sinogram data.
Gao et al. [8] employed an adaptive sinogram restoration
method and the POCS-TV algorithm to reconstruct CT images
with a combined low-mAs and sparse-view protocol. Recently,
Xie et al. [9] proposed a method to process the sinogram by
exploiting its noise-generating mechanism and using the sec-
ond order total variation (TV) as the regularization term, which
returns state-of-the-art results among the known sinogram
preprocessing methods. Sinogram preprocessing techniques
usually exploit statistical properties of the sinogram data but
ignore structural information about the object, and often result
in radial blurring artifacts in the reconstructed image.

B. Filter Modi cation

In addition to sinogram preprocessing, FBP can be per-
formed with a modi ed Iter. One straightforward approach is
to modify the ramp Iter with window functions, such as the
Hann and Hamming windows [4], to suppress high-frequency
components in the sinogram data. Other than windowed lters,

Images from clinical patients (157 row) and typical slices of their corresponding VVBP-Tensors (Z”d
40—200 HU for patient images and gray-level dependent for VVBP-Tensor slices. The sizes of all tensors are 512 512 576, and k is the slice
index. It is obvious that the slices of the tensors contain structures similar to that of the patients.

5th rows). Display windows are

Hsieh [10] used an adaptive lter to reduce streaking artifacts
caused by photon starvation. Kachelrie§ et al. [11] generalized
the adaptive Iter into multiple dimensions for both axial
and spiral CT reconstruction. Zeng [12] introduced a FBP
algorithm with view-by-view noise weighting (vFBP) to emu-
late the iterative Landweber reconstruction. Later, Zeng and
his colleague [13] changed the view-by-view noise weighting
into ray-by-ray noise weighting (rFBP), which is an improved
version of the adaptive Iter. These methods work well for
reducing streaking artifacts; however, additional post ltering
is needed to fully remove image noise.

C. Image Postprocessing

The most intuitive way to reduce noise and artifacts in
CT images is to process the image after reconstruction. For
example, Borsdorf et al. [14] used a wavelet-based method
to reduce the noise in CT images with correlation analy-
sis. Supanich et al. [15] and Leng et al. [16] adopted the
HYPR method to denoise time-resolved CT angiography and

Authorized licensed use limited to: Universiteit van Amsterdam. Downloaded on September 23,2025 at 11:50:29 UTC from |IEEE Xplore. Restrictions apply.



TAO et al.: VVBP-TENSOR IN THE FBP ALGORITHM

767

spectral CT images. Ma et al. [17] proposed a normal-dose
induced low-dose CT restoration method under the nonlocal
means (NLM) framework. A detailed review for the appli-
cations of NLM algorithms in LdCT imaging can be found
in [21]. Zhang et al. [18] proposed an algorithm to restore low-
dose lung CT images using features learned from a full-dose
training database. Recently, deep learning based methods have
been applied for LACT reconstruction, and most of them have
been adopted for postprocessing the image and have achieved
the state-of-the-art results [22]-[27]. Image postprocessing
strategies often take image properties into consideration but
ignore the intrinsic statistical properties of the raw data.

I11. NOTATIONS AND PRELIMINARIES

A tensor is a multidimensional data with the number of
dimensions larger than 3. An N-order tensor can be repre-
sented as X  RO1 ©2 ** On_ The mode-n vectors of X
are the vectors obtained by extracting elements along the nth
dimension O, while keeping the other dimensions xed. For
example, the mode-3 vector ti3 of the VVVBP-Tensor shown in
Fig. 1 is given as: ti3 = T (i1,i2,:), where i1 and i, are the
sub-indices of the it element in respect to matrix dimension
(0O1,0,) for T RO ©2 O3 The mode-n unfolded matrix
X" of tensor X is obtained by reshaping the tensor into a
matrix along the nt" dimension, which can be expressed as:

X" = unfold"(X) RO (OO 10m1=ON) (1)

The low-rank and sparsity are two common properties
that are considered for tensor analysis [19], [20], [28]-[33].
Usually, the nuclear norm is used to approach the rank of a
object because rank optimization is a nonconvex problem [33].
The nuclear norm of a tensor (TNN) can be obtained by
applying singular value decomposition (SVD) on the unfolded
matrix along each of the tensor mode [31], the tensor based
SVD (tSVD) [19], the Tucker decomposition [34], etc.
The TNN minimization problem can be approached by
thresholding representative coef cients such as the tensor
singular values.

In this paper, we employ tSVD to solve the TNN minimiza-
tion problem for VVBP-Tensor denoising, which is usually
solved by soft-thresholding:

D(M)=U D (S) VT,
where D (S) = f-diag(( )+) 2)

where M ROt ©2 O3 s the tensor to be processed; U and
V are orthogonal tensors of size O1 0O; Oz and Oy
02 Og, respectively; S is a rectangular f-diagonal tensor of
size O1 O Ogz; D denotes the soft-thresholding operator;

represents the single values in S; f-diag(s) represents a
transforming operator to the f-diagonal tensor; denotes the
t-product; is a positive thresholding value; and t+ denotes
the positive part of t, i.e., t+ = max(0,t). For each 0,
Eq.(2) obeys the following criteria [19], [35]:

1
D (M) = argmin 5 X M 2+ X TN (3)
X

where TNN denotes the tensor nuclear norm [31].

IV. VVBP-TENSOR ANALYSIS

In this section, we rst present the generation procedure for
the VVBP-Tensor, then provide a pipeline of VVBP-Tensor
analysis, and nally analyze its properties.

A. VVBP-Tensor Generation

Without loss of generality, we use parallel-beam geometry
as an example. Cases of fan- and cone-beam geometry can be
readily derived. The FBP for parallel-beam geometry can be
formulated as [5]:

pGs, Ih(s s)

S=XC0S +ysin

(x,y) = dsd  (4)
0
where (X, y) represents the FBP-reconstructed image with
the 2D continuous coordinate (x,y) in the image domain;
p(s, ) is the sinogram with the 1D continuous coordinate
s in the detector-bin direction and exposure angle ; and
h(*) denotes the Ilter kernel. Discretization of Eq.(4) is
expressed as:

p(s,k) h ®)

s=INT[icos +jsin ]

i,1)=+
K k=1
where (i, j) denotes the 2D discrete coordinate corresponding
to (x,Y); s is the 1D discrete coordinate corresponding to s;
k is the projection view index corresponding to ; K is the
total number of views; h is the discretized lter kernel;
represents 1D convolution; and INT denotes the interpola-
tion used for backprojection. Based on Eq.(5), backprojections
of each view can be computed as:
T(,j,k)=p@,k) h 6
( ) ) p( ) s=INT[icos +jsin ] ( )
where T R!' J K denotes the VVBP-Tensor with (I J)
the size of the image to be reconstructed (usually 512 512).

B. Pipeline of VVBP-Tensor Analysis

Fig. 1 shows the pipeline of VVBP-Tensor analysis in this
study. With step-by-step implementation, the FBP algorithm
can be roughly divided into three steps: Itering, view-by-view
backprojection, and summing along the z direction (yellow
arrows in Fig. 1). Visually, the data following VVBP contain
radial structures, as shown in Fig. 1(b), and its mode-3 vectors
are disordered , as shown in Fig. 1(c). These symptom makes
it dif cult to analyze the VVVBP-Tensor.

To facilitate the analysis, we introduce a sorting operation to
the VVBP-Tensor in its z direction. Fig. 3 shows the schematic
of sorting the phantom VVBP-Tensor, where T R' J K
denotes the VVBP-Tensor after sorting. When sorting, each of
the mode-3 vector of the VVBP-Tensor is independently sorted
by reordering its pixels according to their values. Note that the
sorting is actually an rearrangement of pixels in the z direction,
which is linear and invertible. Sorting itself does not change
the image to be reconstructed, which can be obtained by
summing T in the z direction: (i, j) = ¢ Ele @, j, k).

As shown in Fig. 1(e), after sorting, the VVVBP-Tensor con-
tains structures similar to the object, and structures in different

Authorized licensed use limited to: Universiteit van Amsterdam. Downloaded on September 23,2025 at 11:50:29 UTC from |IEEE Xplore. Restrictions apply.



768

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 39, NO. 3, MARCH 2020

Value
Value

0 400 800 1200

Value
Value

Fig. 3. Schematic of sorting the phantom VVBP-Tensor. T and T denote
the VVBP-Tensors before and after sorting, respectively; t3 denotes the
mode-3 vectors of the VVBP-Tensor. When sorting, each of the mode-3
vector is independently sorted by reordering its pixels according to their
values.

slices are correlated. To further verify this effect, we collected
several clinical patient cases and computed their corresponding
sorted VVBP-Tensors, which are shown in Fig. 2. The data
cover different body parts from the shoulders to the hips. It is
clear that all slices of the sorted VVBP-Tensors contain rich
structures similar to those of the patients.

C. VVBP-Tensor Properties

1) Structural Self-Similarity: To analyze the structural
similarity property of the VVBP-Tensor, we cropped out
regions-of-interest (ROIs) from ve adjacent slices of the
phantom VVBP-Tensor and computed their similarity maps.
The exponent of the negative Euclidean distance was adopted
to describe the similarity between the ROIls [17], which is
formulated as:

Cijxk =e TP TP ’ (7)
where Cijk is the similarity index at position (i, j) in the
kih slice; P; and Pij.k represent the target- and extracted-
patches from the ROIs, respectively; and the term T(P ) :=
{t(x), xi P } denotes the vector of neighborhood pixels
restricted in patch P . Fig. 4 shows the ROIs (top row) and
their similarity maps (bottom row). We can see the same
structures across different slices by visually inspecting the
rst row. Moreover, the similarity maps shown in the second
row quantitatively demonstrate the property of inter- and intra-
structural similarity of the slices inside the VVVBP-Tensor.

2) Tensor Sparsity: The slices shown in Fig. 4 have a interval
of 5, and we can see that slices far from the target-patch still
express high similarity. This trend can also be observed from
Fig. 2, where structures in different slices are very similar. This
observation indicates that information in the VVVBP-Tensor is
highly redundant across the third dimension, and inspires us to
analyze the sparsity property of the VVBP-Tensor. To perform
sparsity analysis, we unfolded the phantom VVBP-Tensor
along its three modes and computed the singular values of
each unfolded matrix, which can be expressed as:

[u",s",v" = svD(unfold"(T)), n=1,2,3
where S" = diag( ") 8

Fig. 4. Structural self-similarity analysis of the VVBP-Tensor. The top
row shows ROIs from ve adjacent slices with slice index k. The bottom
row shows the similarity maps between the target patch P; and the
extracted patches Pjx. Similarity indices were calculated using Eq.(7).
It was observed that the VVBP-Tensor possesses good structural self-
similarity.

s = = 3" mode unfolding
2N o de unfolding
1%t mode unfolding

20 40 60 80

Single value

(a) (b)

Fig. 5. Sparsity analysis of the VVBP-Tensor. (a) The phantom
VVBP-Tensor; (b) Singular value curves of matrices unfolded along three
tensor modes. All matrices were downsampled to 80 80 for calculation.
The low-rank property of the subspace along each mode can be easily
observed from the decreasing effect of these curves.

where U" and V" are two orthogonal basis matrix; S" is a
diagonal matrix with " denoting the ith singular value of
the mode-n unfolded matrix of T; SVD(*) represents the
singular value decomposition operator; and diag(*) denotes
the diagonal elements. Fig. 5(b) plots the singular values of
each matrix unfolded along its three modes. It was observed
that each curve decreases drastically after just a few indices,
demonstrating that the VVVBP-Tensor resides on a low-rank
subspace along each mode and therefore possesses good tensor
sparsity.

3) Noise Statistics: During data acquisition, the noise of
each detector bin can be assumed to be independent. Accord-
ing to our previous work [36], the noise variance of the

2
sinogram can be computed by: Fz,n = %(l + %)
where pn = 15'e P with 1] representing the incident photon
number and fi representing the expectation value of the nth
detector bin; and én denotes variance of the background
electronic noise. According to Eq.(6), noise variance of the
VVBP-Tensor at (i, j, k) can be estimated as:

26 i Ly = 2 2
T (.3.k)=p6.k) h s=INT2[icos +jsin ]’ ©
In the interpolation process of backprojection, the value of
pixel (i, j, k) is the weighted average of its neighbor pixels.
Therefore, the noise variance at pixel (i, j, k) can be estimated
as the squared weighted average of the noise variance of its
neighbor pixels, which is represented as INT? in Eq.(9).
Since the sorting operation is an rearrangement of pixels in
the z direction, the noise variance of the sorted VVBP-Tensor
can be computed by sorting 2 with the same order. A detailed
reference for noise propagation in FBP can be found in [37].
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Fig. 6. Noise statistics analysis of the phantom VVBP-Tensor.
(a) Variance map of 100 simulations for the 4501 slice at 20 mAs;
(b) Estimated noise variance map of the 450" slice using Eq.(9);
(c) The 450th phantom VVBP-Tensor slice; (d) Histogram of the simulated
noise and plot of the estimated noise at pixel position (256,256).

To verify the noise estimation of the VVBP-Tensor, we
simulated 100 phantom projections with the same dose level
(20 mAs) and computed their VVBP-Tensors and corre-
sponding noise variance maps. The results shown in Fig. 6
demonstrate that the noise variance of the VVBP-Tensor can
be effectively estimated through Eq.(9). Moreover, the noise
of each pixel is visually expressed as Gaussian distribution.

V. VVBP-TENSOR DENOISING FOR LOW-MAS CT

Based on the analysis in Section 1V, an algorithm named
VVBP-tSVD was designed to denoise the VVBP-Tensor for
low-mAs CT imaging, which uses tSVD [19] to exploit tensor
sparsity, FPBM [20] to utilize structural self-similarity, and
PWLS [7] to incorporate noise statistics.

A. VVBP-tSVD Denoising Model

Since the noise of the VVBP-Tensor has a Gaussian-like
distribution, it is reasonable to use the PWLS model [7] for
tensor denoising. In this paper, the objective function of the
proposed VVBP-tSVD algorithm is formulated as:

N
i Xi TNN (10)

X =argmin - X T &+
x 2 i=1

where T and X are the low-dose and estimated
VVBP-Tensors, respectively; W is a weighting matrix
whose diagonal elements are reciprocals of .f. and other
elements are zero; is a positive hyperparameter; iN:1 in
the second term denotes the aggregation of full-band-patch
groups; N is the total number of those groups; and ; is the
regularization parameter for the it" full-band-patch group

and is given as j = T , where is a hyperparameter and

12-_ is the average of noise variance of elements in T j, the

counterpart of XijinT.

Block

® ’ matchmg‘ %
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Fig. 7. Schematic of full-band-patch based block matching. In each
iteration, several groups of full-band-patches are rstly obtained through
block matching and unfolding. Filtered full-band-patch groups are then
estimated using Eq.(12). By folding and aggregating all ltered groups,
a denoised VVBP-Tensor can be obtained.

B. Full-Band-Patch Based Block Matching

As analyzed in Section IV-C, the VVBP-Tensor con-
tains structures that are similar to those of the object, and
these structures are correlated. To fully exploit this property,
we incorporated a FPBM [20] strategy into the VVBP-Tensor
denoising procedure. Here, a full-band-patch is referred to as
a sub-tensor obtained by extracting 2D patches at the same
location in each slice and stacking them into a 3D volume. As
shown in Fig. 7, in each iteration, N groups of full-band-
patches {X! 1}, are rstly obtained from X' * through
block matching and unfolding. The Iltered full-band-patch
groups {Z!}i"‘:l are then estimated using Eq.(12). By folding
and aggregating all Itered groups, a denoised VVBP-Tensor
Z! can be obtained.

C. Optimization

It is dif cult to directly minimize Eq.(10) because the
regularization function is nonlinear. In this work, we use the
half-quadratic splitting (HQS) algorithm [38] to relax Eq.(10).
The relaxed objective function is given as:

N

- X T3+

> Xi 5+ i Zi ™

. E Zj (11)
i=1

where Z is an auxiliary variable that approximates X and

is a hyperparameter. With the HQS algorithm, Eqg.(11) can be

separated into two subproblems:
[

Z! = argmin - Zi P12 Zi i (12)
Zj
N
X'=agmin X T g+ ! zl Xi3 13
X i=1
where ! increases as the iteration continues as;: '*1 = I

where is a user de ned scalar larger than 1; and I = 1
2,...,L denotes the iteration step. Updating of ! forces
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Fig. 8. Selected ROIs of images reconstructed with different downsam-
pling factors. (a) The ground truth; (b) The FBP-reconstructed ROI from
the low-dose data; (c)-(f) ROIs restored with downsampling factors of 1,
8, 16, and 32. All images share the same display window.
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Fig. 9. (a) PSNR versus downsampling factors; (b) Computation time
versus downsampling factors.

Z to become an increasingly good approximation of X
and therefore makes Eq.(11) an increasingly good proxy
for EQ.(10). In the implementation, Eqgs.(12) and (13) are
iteratively minimized to solve the original objective function.

Using tensor singular value decomposition, Eq.(12) can be
updated by:

z{=D,(X{ Hh=Ui D) V.
where D (Si) = f-diag(( i i)+) (14)
where j = - is a positive thresholding value.
The closed-form solution of Eq.(13) is given as:
< = T+ ! _f_ i=1Z= (15)
+ | _|2_

where  denotes the pointwise product.

In the implementation of these strategies, two points should
be noted. First, the intensity ranges of the different slices
in VVBP-Tensor can vary vastly. This variation can be
observed from the plotted vectors after sorting in Figs. 1(d)
and 3. Therefore, before applying block matching in each
iteration step, the VVBP-Tensor is slice-by-slice normalized.
After aggregation, X is denormalized back to the original
gray space. Second, the VVBP-Tensors of the phantom and
patient data used in this study contain 1160 and 576 slices,
respectively. For consideration of computational load, we
downsampled the VVBP-Tensor and its noise variance in the

Algorithm 1 VVBP-tSVD for VVBP-Tensor Denoising
Input: Low-mAs sinogram p, , , ,L,d.

1: Generate the VVBP-Tensor T by Eq.(6).

2: Compute the sorted VVBP-Tensor T .

3: Estimate tensor noise variance % by Eq.(9).

4: Compute the downsampled tensor T and % by Eq.(16).
5: Initialize X% =T, 1=

6: for| =1to L do

7. Normalize X' 1.

8:  Construct full-band-patch groups {X! 1}{\‘=1.

9o fori=1to N do

0. Update Z! =D (X! 1) in Eq.(14).

11:  end for

12:  Fold and aggregate {Z!}\, to obtain Z'.

13:  Denormalize Z'.

14 Update X'I by Eq.(15).

15 M=
16: end for
Output: Reconstructed image = 5 E:lf XL, k).
z direction:
1 qd
TC,: = - TC,:
GLD =g o pae TG0 P
1 qd
20004y — 2.
where T R! J (K/d) s the downsampled VVBP-Tensor;

2 denotes the noise variance of T ; d represents the down-
sampling factor; and ¢ = 1,2,...,K/d is the slice index
after downsampling. Experiments were conducted using the
phantom data to demonstrate that, with the downsampling
strategy, the processing time is greatly reduced while quality
of the result is slightly degraded. The results are shown in
subsection VI-B.

The pseudocode of the proposed VVBP-tSVD algorithm is
presented in Algorithm 1.

VI. EXPERIMENTS AND RESULTS
A. Experimental Settings

1) Data Acquisition: The data used for the experiments
include a physical phantom and three patients from the Low-
Dose CT Grand Challenge dataset [39]. An anthropomor-
phic torso phantom was scanned with a clinical CT scanner
(Siemens SOMATOM Sensation 16 CT scanner) in axial fan
mode. One level of tube voltage (120 kVp) and three levels
of tube current (17, 40, and 60 mAs) were set. In addition,
a sinogram, which was acquired by averaging 150 repeated
measurements at 100 mAs and 120 kVp, was used as the
ground truth.

The patient data were acquired using the Siemens
SOMATOM De nition Flash CT system in helical mode.
The raw projections with normal-dose and simulated quarter-
dose were provided by the hosts. In our experiments, three
abdominal cases (cases 3, 4 and 5 shown in Fig. 2) were
selected. To test the ability of the proposed method under
lower dose levels, data under 1/6- and 1/8-dose levels were
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(a) Ground truth (b) Low-dose FBP

(e) IR-KSVD (f) IP-BM3D

(c) SP-IMAP (d) IR-TV

(g) VVBP-NLM (h) VVBP-tSVD

Fig. 10. Results of the physical phantom at 17 mAs reconstructed by the FBP, IMAP, TV, KSVD, BM3D, NLM and tSVD mehtods under different
reconstruction schemes. All images share the same display window. Abbreviations: SP - sinogram preprocessing; IR - iterative reconstruction;

IP - image postprocessing.
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Fig. 11. Pro le comparison between the ground truth and different
reconstruction methods. The vertical pro le is located at pixel positions
i = 100 and j from 240 to 270, which is indicated by the red line in
Fig. 10(a).

(a) SP-IMAP (b) IR-TV (c) IR-KSVD
(d) IP-BM3D (e) VVBP-NLM (f) VVBP-tSVD
Fig. 12.  The absolute residual images of results shown in Fig. 10

with respect to the ground truth. All the images share the same display
window.

simulated using the method presented in [40]. In this study,
the helical data were rebinned into parallel-beam geometry
using the single-slice rebinning method [41].

2) Competing Methods: To validate performance of the
proposed algorithm, the conventional FBP was chosen as the
baseline competing method. IMAP [9] and BM3D [42] were
selected to represent the sinogram preprocessing method and
the image postprocessing method, and they were abbreviated
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£
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GT IMAP TV KSVDBM3D NLM tSVD
Method
(a)ROI1

Fig. 13. Comparison of the mean and standard deviation of two ROIs
reconstructed by six methods.

as SP-IMAP and IP-BM3D, respectively. In addition, TV [43]
and KSVD [44] were used as the regularization terms for iter-
ative reconstruction and abbreviated as IR-TV and IR-KSVD,
respectively. Moreover, to verify the effectiveness of tSVD
for exploiting tensor sparsity, we adopted NLM [45] as the
regularization term to denoise the VVBP-Tensor (abbreviated
as VVBP-NLM), which is formulated as:

2

argmin 3 X Tyt an

Wik(Xj  Xk)?
X _

ik
where j, k are voxel indices here; and the weighting factor
Wi is calculated according to nonlocal patch similarity. Note
that VVBP-NLM considers the structural self-similarity of the
VVBP-Tensor but ignores its sparsity. Additionally, Eq.(17) is
optimized using the HQS algorithm. To ensure a fair compar-
ison, the parameters of all competing methods were manually
tuned to reach the largest peak signal-to-noise ratio (PSNR)
value for the phantom data and achieve the best visualization
for the patient data.

B. In uence of the Downsampling Factor

To exploit the in uence of downsampling on the perfor-
mance of VVBP-tSVD, experiments were conducted using the

Authorized licensed use limited to: Universiteit van Amsterdam. Downloaded on September 23,2025 at 11:50:29 UTC from |IEEE Xplore. Restrictions apply.



772

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 39, NO. 3, MARCH 2020

~
Histogram

(a) Normal-dose FBP (b) Low-dose FBP

(¢) IR-KSVD (f) IP-BM3D

(c) SP-IMAP (d) IR-TV

(g) VVBP-NLM (h) VVBP-tSVD

Fig. 14. Results of patient case 3 with quarter-dose reconstructed by the FBP, IMAP, TV, KSVD, BM3D, NLM and tSVD methods under different
reconstruction schemes. All images share the same display window. Abbreviations: SP - sinogram preprocessing; IR - iterative reconstruction;

IP - image postprocessing.

Fig. 15. Histogram comparison between ROlIs of the normal-dose image
and images of the six reconstruction methods. The ROIls were selected
from the left kidney of patient case 3, which is indicated by the red box
in Fig. 14(a).

phantom data at 17 mAs with the downsampling factor varying
from 1 to 64. Some restored ROIs (d = 1, 8, 16, 32) are shown
in Fig. 8, where results of different downsampling factors are
slightly different by visual comparison. In addition, the PSNR
values of the restored ROIs in respect to the ground truth are
computed and ploted in Fig. 9 with the computation time. The
PSNR of the FBP result is also shown. Fig. 9(a) reveals that the
PSNR values of the restored ROIs obtained by VVBP-tSVD
are much better than those of the FBP. In addition, as d
increases, the PSNR values tend to decrease and become
unstable due to the information lost from downsampling.
Fig. 9(b) shows that the computation time decreases drastically
with smaller d but converges after downsampling factor around
20. For the consideration of both quantitative performance and
computation time, the downsampling factor was set to 8 for
the experiments in this study.

(a) (b) (c) (d)

() () (e)

Fig. 16. ROls of patient case 3 with different dose levels. (a) Normal-dose
FBP reconstruction; (b)-(d) 1/4-, 1/6-, and 1/8-dose FBP reconstructions;
(e)-(g) 1/4-, 1/6-, and 1/8-dose VVBP-tSVD reconstructions.

C. Phantom Study

Fig. 10 shows the results of the phantom reconstructions
using different methods at 17 mAs. It can be observed that
the image reconstructed with the FBP algorithm is conta-
minated by severe noise and artifacts. On the other hand,
the VVBP-tSVD method obtains the best results among all
competing methods in terms of noise and artifact suppression
as well as resolution preservation.

Fig. 11 compares selected pro les of the ground truth image
and images from six different methods. The pro le is located
at pixel positions i = 100 and j from 240 to 270, which is
indicated by the red line in Fig. 10(a). The gure reveals that
the VVBP-tSVD algorithm results in the highest similarity and
spatial resolution among all of the methods.

The absolute residual images of all reconstructions with
respect to the ground truth are depicted in Fig. 12. The
results further illustrate that VVBP-tSVD maintains better
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Normal-dose FBP Low-dose FBP SP-IMAP IR-TV

IR-KSVD IP-BM3D VVBP-NLM VVBP-tSVD

Fig. 17. ROIs of patient cases 4 (1/6-dose, top row) and 5 (1/8-dose, bottom row) reconstructed using different methods.

TABLE |
QUANTITATIVE COMPARISON OF THE PHYSICAL PHANTOM RESULTS
WITH DIFFERENT DOSE LEVELS AND DIFFERENT METHODS

Dose levels | Indices Low-dose  SP- IR- IR- IP- VVBP- VVBP-
FBP IMAP TV KSVD BM3D NLM tSVD

PSNR 25.18 3536 3452 30.56 3587 3543  36.87

17 mAs | NMSE 0.149 0.046 0.050 0.080 0.044 0.046  0.039
FSIM 0.958 0.990 0.992 0979 0996 0.990  0.997

PSNR 29.45 37.67 36.88 3246 36.62 3640 38.44

40 mAs | NMSE 0.091 0.035 0.039 0.066 0.040 0.041  0.032
FSIM 0.969 0.992 0.994 0987 0996 0995 0.998

PSNR 31.40 38.59 38.09 33.60 39.56 3821 3921

60 mAs | NMSE 0.073 0.032 0.034 0.057 0.029 0.033 0.030
FSIM 0.974 0.993 0.994 0.983 0998 0992  0.998

Mean time (s) 232 62.7 309.1 3935 25.1 1494 1566.0

resolution than all other competing methods. Fig. 13 compares
the means and standard deviations of the ROIs of the ground
truth image and images reconstructed by SP-IMAP, IR-TV,
IR-KSVD, IP-BM3D, VVBP-NLM, and VVBP-tSVD. Two
ROIs were selected for comparison, which are indicated by
the red boxes in Fig. 10(a). Compared to the competing
methods, the VVBP-tSVD method yields the smallest standard
deviation.

Table | lists the PSNR, normalized mean-square
error (NMSE), and feature similarity (FSIM) [46] of
the phantom results at 17, 40 and 60 mAs. It can be seen
that the VVBP-tSVD algorithm produces the best numerical
values among all methods. On the other hand, the computation
time of VVBP-tSVD is much longer than those of the other
methods, which is a drawback of the proposed method.

D. Patient Study

Fig. 14 shows the results of patient case 3 with quarter-
dose. It is obvious that all methods yield images with reduced
noise. However, the granular noise in the image resulting from
SP-IMAP is different from that of the normal-dose image.
The image resulting from IR-TV suffers from the piecewise
constant effect. Structures in the image from IR-KSVD are
distorted. Noise in the image from IP-BM3D is nonuniform,
and the image contains additional artifacts. The VVBP-NLM
image has a similar problem to the SP-IMAP image but with a
slight gain in structure preservation. Moreover, all competing
methods tend to oversmooth the image edges compared to the
VVBP-tSVD method. Visually, the image from VVBP-tSVD

k=90 k=120

Fig. 18. ROls of different slices in the ground truth (top row), the low-dose
(17 mAs, middle row), and the denoised (bottom row) VVBP-Tensors. k is
the slice index. The size of the tensorsis 512 512 145 (downsampled
using Eq.(16), with d = 8). Ground truth slices are in different gray levels
compared to the low-mAs and denoised slices.

is the closest to the normal-dose image in terms of resolution
preservation and noise characteristics.

Fig. 15 shows the histograms of the ROIs of the normal-dose
image, and of images using different reconstruction methods.
The ROIs were selected from part of the left kidney of patient
case 3, which is indicated by the red box in Fig. 14(a). It can
be seen that the histogram of the VVBP-tSVD image is the
closest one to that of the normal-dose image, which further
demonstrates the superiority of the proposed VVBP-tSVD
algorithm.

To test the ability of the proposed algorithm at lower dose
levels, we reconstructed all patient data at 1/4-, 1/6-, and
1/8-doses. Fig. 16 shows the ROIs of patient case 3 at the
different dose levels. It can be seen that VVBP-tSVD produces
promising gains in terms of noise reduction and resolution
preservation; however, tiny structures may have been lost in
the lower-dose images, especially for the 1/8-dose. Similar
results can be seen in Fig. 17, where VVBP-tSVD still yields
the best results compared to other methods.

To evaluate the clinical performance of all methods, ve
radiologists (from Nanfang Hospital, Guangzhou, China,
with at least three years of experience in reading CT
images) were invited to score all the patient images from 0
(worst) to 5 (best) based on noise and artifact reduction,
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TABLE I
MEAN AND STANDARD DEVIATIONS OF THE SCORES OF ALL PATIENT IMAGES FROM FIVE RADIOLOGISTS

Patient cases Normal-dose FBP  Low-dose FBP ~ SP-IMAP IR-TV IR-KSVD  IP-BM3D  VVBP-NLM VVBP-tSVD
3 4.6240.10 3.5440.53 3.154+0.66 2.874£0.57 3.57£035 3.60£0.54  3.57£0.42 4.221+0.38
4 4.6210.08 3.0240.72 3.63+0.58 2.861+0.63 3.2940.73 3.114+0.25 3.584+0.48 4.201+0.20
5 4.7010.13 2.9040.57 3.384+0.44 3.164£0.30 3.14+£0.87 3.14£0.49  3.88£0.25 4.14+0.49

resolution and structure preservation, and lesion detectability.
To insure a fair evaluation, uncompressed patient images
were randomly sent to the radiologists without showing them
any information regarding the reconstruction methods. The
image reading procedures for each of the radiologist were
kept independent. The mean values and standard deviations
of the scores for different patients are listed in Table Il. It can
be observed that the VVBP-tSVD method yields the highest
scores over all competing methods. The results of the patient
study demonstrate that the proposed method is superior to
other methods through both visual inspection and subjective
evaluation.

VII. DiIscussiON AND CONCLUSION

In this paper, instead of preprocessing the sinogram [6]-[9],
modifying the ramp lter [10]-[13], or postprocessing the
image [14]-[18], we focused on analyzing and processing the
VVVBP-Tensor during the FBP reconstruction. Our key nding
is that VVBP-Tensor contains structures that are similar to
those the object, as shown in Figs. 1(e) and 2. On the other
hand, the noise variance for every pixel of the VVBP-Tensor
is predictable (Eqg.(9) and Fig. 6). Therefore, both structural
characteristics of the image and noise statistics of the raw
data can be considered by processing the VVBP-Tensor, while
image postprocessing or sinogram preprocessing exploit only
one of those aspect. Moreover, the sparse property of the
VVBP-Tensor (Fig. 5) may enhance its suitability for noise
reduction in low-mAs CT imaging.

After analyzing properties of the VVBP-Tensor, we
proposed an algorithm (VVBP-tSVD) to denoise the tensor
for low-mAs CT. The VVBP-tSVD algorithm considers the
properties of the VVVBP-Tensor by incorporating three strate-
gies (FBPM [20], PWLS [7] and tSVD [19]). The results of
the physical phantom and clinical patient studies with different
dose levels demonstrate that VVBP-tSVD is superior to all
competing methods under different reconstruction schemes,
including sinogram preprocessing, image postprocessing, and
iterative reconstruction.

Note that sorting is a vital step for VVVBP-Tensor analysis.
In the original VVBP-Tensor T, the mode-3 vectors are
visually disordered (Figs. 1(c) and 3), which made our
analysis dif cult. To deal with this problem, we introduced
sorting to each of the mode-3 vectors in the z direction,
as sorting is one of the basic method for data analysis.
After sorting, slices in the VVBP-Tensor T contained struc-
tures similar to the object. This study presented the initial
idea of sorting, the properties of the sorted VVBP-Tensor,
the VVBP-tSVD algorithm, and its application in low-mAs

CT imaging. Establishing a mathematical model for the sorting
operation might help develop a more in-depth understanding
of the FBP algorithm, which is a topic of future study.

Given the structural self-similarity, tensor sparsity, and
noise statistics analyzed in this paper, more properties of the
VVBP-Tensor could be exploited, such as the correlations
between mode-3 vectors, or the high-dimensional information
from multidimensional tomographic imaging (e.g., 4DCT [47],
spectral CT [48], and perfusion CT [32]). Moreover, instead
of the proposed VVBP-tSVD, other processing methods could
be employed to take advantages of the properties of the
VVBP-Tensor. For example, one can use a more powerful
tensor-based algorithm (e.g., KBR [28]) to consider VVBP-
Tensor sparsity. We also note that other tomographic imaging
problems (e.g., sparse-view CT [49], limited-angle CT [50],
PET and SPECT image reconstruction [51], [52]) could also
bene t from VVBP-Tensor processing. All the points dis-
cussed here are potential topics for future work.

Another point that should be noted is that the
VVBP-Tensors for high-mAs and low-mAs CT from the
same object are different. This difference occurred because
the ramp Iter used in FBP is, to some extent, a high-pass

Iter [5], and therefore, the noisy low-mAs sinograms tend
to have a wider gray range than their high-mAs counterparts.
Thus, the gray range of the low-mAs VVBP-Tensor is wider
than the high-mAs one. Therefore, the goal of VVVBP-Tensor
denoising should be to reduce the noise in low-mAs VVBP-
Tensor but not to restore it as a high-mAs one. Fig. 18 shows
some typical slices of the ground truth, the low-dose, and the
denoised VVBP-Tensors, where the ground truth slices are at
different gray levels compared to the 17 mAs and denoised
slices.

A major limitation of the proposed method is the compu-
tational load associated with the increased datasize, which is
further aggravated by the widely used cone-beam CT. In this
paper, considering that the information in the VVBP-Tensor is
highly redundant, we have proposed a downsampling strategy
to alleviate the computational load. Moreover, the patch-based
processing scheme of the proposed algorithm make it easy to
be parallelized. Therefore, the computation time can be further
reduced with high-performance computation techniques such
as multi-GPU computing [53].

Present work also has other limitations. First, the parameters
of the VVBP-tSVD algorithm were tuned in a trial-and-error
manner, which is time consuming, and these parameters might
vary among different types of data. How to select the most
optimal parameter combinations remains an open question for
the community. In a future study, some automatic parameter
tuning methods such as deep learning will be tested on the
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proposed algorithm. Second, the proposed method has been
tested on real low-mAs phantom data; however, its ability for
processing real low-mAs patient data has not been veri ed.
Third, we have compared our method to a state-of-the-art
sinogram processing method (IMAP [9]), but comparisons
with state-of-the-art image domain processing/regularization
methods (e.g., deep learning based methods [24]-[27]) have
not been conducted. These comparisons would need to be done
in future research.

In conclusion, the analysis in this paper suggests that the
VVBP-Tensor is a suitable processing target for improv-
ing the quality of FBP reconstruction; and the results of
phantom and patient studies demonstrate that the proposed
VVBP-tSVD algorithm is effective for noise reduction in
low-mAs CT imaging. The current work might provide a
heuristic perspective for reviewing and rethinking the FBP
algorithm.
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